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This handout is written by students and is
not intended to replace university materials.

It is a useful tool for studying the subject, but
it does not guarantee the same

comprehensive and complete preparation for
passing the exam as the materials
recommended by the University.

The content may contain errors and has not
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the instructors. It is recommended that it be
used as a supplementary resource, in

conjunction with the official sources and
materials indicated in the exam syllabus.



 
module1 DescribingData

Sp En en parameter numericalsummaryat population are
Sample sizen statistic numericalsummaryat nanneelevel

representativeofthepopulation
INFERENTIALprocess tomakeinference

onpopulationparametersbasedon nannel statistics
DESCRIPTIVEstatistics describenanneldatathroughsamheestatistics

Question statisticalVARIABLE resultofmeasurementprocess

TYPES
categorical
nominal noranking
ordinal ranking

numerical
discrete countingprocess
continues

not a priori samecharacteristic measurmentsprocess

GSSWAVE12
FREQUENCYDISTRIBUEIONTABLES

kind variable statistical good

1stcol distinct values
andcol Abfreq counts

relative freq
GRAPHS

8 89 1 circle total slice share
value bar heightequal tofrequency

22
severaldistinct values
groupobservationsinto INTERVALS 1stcol
AbsoluteRelativeFrequency 2ndwe
horizontal axis interraes
Bar AREA internal's relativeFrequency
vertical axis DENSITY RF internalenght

central tendency condensedata in one value

categorical rar typical dree
Numerical rar typical value oraverage
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A MODE all variables few names
2 MEDIAN ordinal or numerical
3 MEAN numerical

it level with highestfrequency
uniquesyntheticmeasure for categoricalnominal

2 central value samplesplit in 2halves

rawDataÑ ÉnÉ r
n odd value withPos n1neven a middle abr

cumulative relative frequency
RF of units with rallies to it
ordinal and numerical

median 1st value F 0.5 or 0.5 any value in the
interval with the value

3 arithmetic avg of all values as lower bound

ftpfi servedontheistsamneeunitX1ralueoAbofreq
x ̅ value RF

DEVIATION value mean
affected byOUTLIERS

fulcrum
Balancingpoint sum of Deviations D

1 1 apt x2 a at xn a 2 minimized at x ̅

mean fromFreqDistribution weightedavg of the rabies

as
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23 measuring the LOCATION

ordinaeintñe fce
oforderedobservations

QUARTILES
Rank obv divide inquarters
Q1 lower 1st value where CF 20.25
Q3 upper 1st value where CF 0.75

Taile racue such that poofobr arebelow

FIVE numbers summary min Q1Q2median Q3 Max

BOXPLOT erEdlacent 1.5 lar from03

93

Box Q2median

Q1

whisker

lower adjacent 1.5 IARFroman

outlier

variables with
measuringthe

numerical
range max min affectedbyoutliers

Thsor unitofmeasurement
IQR 93 Q1 variability of 50 centralpart

variance 52 1 1 x ̅ t n x ̅ variabilityabout the mean
n 1

standarddeviation s 1 1 xf̅tp.gtcxn x ̅

coefficentof variation cr SDexpressedas of themean
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Shape numerical

SYMMETRIC distribution
BELLShaped NotBELLshaped U SHAPED
median an as median midriff p

median
mean median

Q1 min may 03 Q1 min may 03
median Qatar min median ans Qi min

8

asymmetric
on right tail

EWED RIGHTdistribution
median 01293 median
Q1 minimax 93
mean median

eneeftieaieefi.sk YE on

Q1 mins max 93
meansmedian

24 Concentrationanalysis Descriptivetechnique
numericalpositivevariable

EXTREMESCENARIOS
perfectequality all householdssame income
maximumconcentration 1household total amount

transferablecharacteristics economicvariables

income.ro enue wages
How to measureconcentration
CONCENTRATIONCURVE
variable values xe.xa.o.in ranked inascendingorder xnexzc

o.oexnffffffgtit.net ai
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curve joining the ntt points with coordinates FeQE
1 perfectequality

OBSERVEDsituation 1955 festa n n need
a maximum bybottomEp p

thesample
concentration

I F 1 thecloserconcentrationcurve tobisécor
thecloserto 0 the lowerconcentration

theyyEptheconcentrationCONCÉNertationiÑBEkEs Ocra

GINI INDEX R A F
Epian

perfectequality Fi Qi R O
Maxconcentration all Qe's 0 but an 1 R 1
thegreaterR thegreatertheconcentration

PIETRA'SINDEX P In maxe1 n n Fo Qe perfectequalityP 0
maxconcentration P 1

15 AIMOFBIVARIATEdescrintions
Jointbehaviourof2 variables
assessmentof association asymmetricperspective

assessingDEPENDENCY
Dependent variable measuring what we want to EXPLAIN
independent variable measuring what we proposeastheEXPLANATION
selectiontechniquesdepends on variable'stype
CASES

1 BothDependentand independentvar categorical
contingency tables
crosstable cross tab cells Jointcountsprop

deprar marginaldistributions

inden α
rar

os

CONDITIONALfrequencydistributions
Rfdistribution ofDeprarineachgroup

comparison behaviour Depran acrossgroupsdefinedbythe indepran
conditionalfreqDistributions similar noassociation

splitssample int subsamplesAlice Elliston
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RF distribution ofpesticidestatus separatelyforeachof the 2groups
conditionalfreqDistributionof pesticidestatusgiven foodtype organic
conditionalfreqDistributionof pesticidestatusgiven foodtype conventiona

calculated in thesameway Joint RF marginalRFofindep rar

CHARTSofconditionaldistributions 1 Present
NotpresentEderset

organicconventional
0.6

appen infection organicconventional
Indencategorical
comparebehaviournum rar in thegroupsdeterminedbycat rar
Behaviour syntheicmeasures 1ststeh meancomparison

indenrar splitssamble insubsamples
calculatemeansofdeprar ineachgroup

veryclose Noassociation comparethemeans

3 two remerical ran cry 5numberssummary

26 SCATTERPLOT

axis values indep rar
yaxis racuesdepvar

UNEAR association correlation
positive linear high low values ofone variabletend to occur

withhigh low values of theother
negative linear high low values of one variabletend to occur

with lowhighvalues oftheother
measuresUNEAR association
covariance couches in x ̅eyeftp.texfE9ynejf

observedon unit n

I landill positivevalueof cor
Overall trend line withPosientslope
IIandIVnegativevalue ofthe value

111 N overall trend line withNEGATIVEslope
Cor 0 no linear associationAlice Elliston
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Pearson's correcation index r 8 narca
no no correlation
1 0 positive linear association measures
no negativelinear association direction linearassociation
Thecloserto 1 or totheSTRONGER strenght linear association

the association signresign corexit since5 0

usingR

table table dataframe variable
prop table RFdistribution
meant
medians
summary firenumberssummary mean
assessvariability Sdl meant
Histogramwithdensityy axis hist freq_FALSE
tappeydepranindepararmean
tapplydepranindepararsummary
boxplot deprannindeparar
tapplydepran indepararsd tapplydepranindepararmean
Cor deprarcompaniestar

Inflate ir ii aieeintoini iones
propotable tab2,2

Indeptrar
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27 Modues Elements of probability
PROBABILITY wayofquantifyinguncertainty
INFERENTIALprocess affectedbyUNCERTAINTY
mathematicalprobabilisticframework

EXPERIMENT processwith uncertainoutcome
unknownoutcomebefore

RandomEXPERIMENTin statistics
drawatrandoma unit frompopulation
measuretheconceptorcharacteristicofinterest

Randomvariable
Function that associateswith anexperiment'soutcome anumber

ppg support
set set of all possiblevalues

supportset finitecountableDISCRETErandomvariable
supportset infinite notcountablecontinuesrandomvariable

randomvariable
Fenreevesnoofvaluesthatwecancount

comefroma countingprocess
PROBABILITYFUNCTION asassociatestoeachpossiblevalue
X discrete with values x1 x2 xk theprobabilitytoobserve it
PROBABILITYFUNCTION foreachvalue xe returns Prix e p for i 1,2oook
probabilitydistribution PROPERTIES
Pe Prix xe

it
EXPECTEDVALUE E X M xepetxapatoo.tkPK
weightedweights probabilitiesaverage summarizffbabilisticbehaviour
VARIANCE var x 02 x1 m pit Xk n pkdispersion Norot Expectedvalue

randomvariable
takesanyvalue inan internal
DENSITYFUNCTION notnegative

area of theregiondelimited bythegraphof
thefunction and thex axisequals

Prco61 10.8 Prco.GEic0.8l Prco6lxe0.81 Prco6lxc0.8

foranyrandomvariablex
y eneartransformationof o foranytwonumbers a andb Y atbx
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ELI Efren bararix
STANDARDIZATION

randomvariable with Er µandvariance
standardizedvariable a_x 1 1 x y

2 f Ex 0

raria var x 8 1
numbers

28
Bernoulli random variable
Experiment with twooutcomes successor failure
p successprobability
Noof timesweobserveasuccess XNBer p
Probabilitydistribution distributionparametrizedbyp

if Eat ftp.t 5in pr pu p

NormalGaussianDistribution
DENSITY XNN M02

fix
p

e
Mrealnumber
02positiverealnumber

M expectedvalue andmedian
02 variance

STANDARDNORMALDISTRIBUTION

M 0 02 1 ANN0,1
STANDARDIZATIONofnormalrandomvariable

NN M02 2 hasa standardnormal distribution

Joint probabilisticbehaviour of several randomvariables
DISCRETEbivariaterector

y discreter.ro takingvalues x1x2 Xk
discreter.ro takingvalues YeYa Yh

marginalprobabilityfunctions

Jointprobabilityfunction Jointprobabilitybehaviour
Foreachpair xeyo returns Prix xeandy y8 Pr x xe y yo pXeyo
cross tab
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1 student
otherwise
unsatisfied
notsatisfiednorunsatisfied

4

satisfied

marginalprobabilitydistributiofx

marginalprobtabilitydistributiofY
INDEPENDENCE TWODISCRETErov arestatisticallyindependent

prix xi.Yyfahr.EE EYndeacho 1.2 in
2 2

0 0.30.30.30.7 0.3 Pr x 0 Y 2 P X 0 P 7 2
Perfectindependence

1 00300070.70007 007

003 0.7

Linearassociation
CorandPearson'scorrelationcoefficients def andinterpretation as in

Pearson'scorrelation index px y copy
descriptivestatistics

Pix Y o no linearassociation xandYindependent

eee i on
BIVARIATErector

expected valueMxand variance02
expected valueMyand variance03

sumof two rov FLEET fÉ YÉ acor x y 02 03 2Cor x x
and not correcated fat irritants
Difference two r.ro É É Edithacorcx.es02 03 2Corexit
andenotcorreeated.EE 5 iariYErtaiYoax o
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nrandomvariablesx1 xn
independent

Identicallydistributed
sameexpectedvalueµ
samevarianceor

Fallin hat Ear Eaten _no
some ii air

arithmeticaverage of i t.de rov x atxant.o.tn

E x ̅ E 14 2 00 Xn f E X1 X2tooo Xn one M

rar x ̅ raryxitxapt.o.tn
rarlxityfo.tn 7 8

Eaten
Thesumof nr.ro independentandidenticallydistributed
withsamemeanµ andsamevariance62
has distribution that for a large n canbeapproximated
bya NORMALdistribution withmeannMandvarianceno T NMMno2
Thearithmeticaverage of nr.ro independentandidenticallydistributed
withsamemeanµ andsamevariance62
has distribution that for a largen canbeapproximated E

Yara
x ̅

bya NORMALdistribution withmean µ andvariance

sumof Bennoveleror
1,000 Xn i codNBenP
E Xi p ran Xi ph p
it Xn has distribution that for n largecanbeapproximatedby

a normaldistributionwith Er upand rar np t p
35 probabilityfor astudenttobeselectedto an internshipprogram

ensign fe f morethan35students out of150randomlydrawnareadmitted to theinternshipprogram
1 0 otherwise
1 000 150 i i dNBer 0.3

Iii tn Eisi i is.o.t 3e.s
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n large Nomalapproximation
Pr 1 2too 150 35 1 Pr 1 2too 1501 35 1 prorm 35,45sart31.5 0.9626

ARITHMETICaverageof Bernoulli r.ro x ̅ has distribution that for a
X1 Xn i i dNBerP x ̅ xetxatoo.tn largen canbeapproximatedby
proportionofsuccessesin ntriaes anormaldistribution with
changeof rotation x ̅ ÉÉÉÉfÉ PHP
workoutprobabilitythatout of200studentsrandomlydrawn lessthan25

areadmitted to theinternshipprogram
1,001200EveduBarco3
PX proportion ofstudents selected out of200

Eat EE 0 87 0001

Pr P 0.25 Normalapproximation M Sd Vrar
Prxc̅0.25 Phorm0.250.3 sart 0.001 000658

returnsprobabilityofobservinga value to

Module 3 Inferential statistics ESTIMATIONPROBLEM
29 Population set of all statistical units onwhichwemight

measurea characteristic orconceptof interest
sample anysubsetof thepopereation

Dataanalysismakepredictions cannotstop at Description
INFERENTIALSTATISTICS
collectionoftechniques that let drawconclusionsontheentirepopulation inferences
fromtheanalysisof a portionof thepopulation a sampledrawnfrom it
SAMPLE representitiveof thepopulation

randomsampling
RANDOMSAMPLE units drawn atRANDOMfrompop on at time

sameprob to bedrawn
samplesofgivensize n someprob tobedrawn

no BASES

Descriptionofany inferential problem within aPROBABILISTICFRAMEWORK

ASAstepinbuildingthe Quantifyandcontrolforthe
probabilisticframework probabilityofmakingerrors
OUREXPERIMENTS
Drawat randomoneat timefroma population
measureacharacteristicof interest onthem
RANDOMvariable mathematicaldescriptionof theoutcome ofEACHdraw
Beforeexperiment notknowanswer neo
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EXPERIMENTRADOMvariable X noof hoursspentwatchingerby a
respondentDRAWN atrandom

3 T.at graeuesoex
Populationmeanµ arithmeticarg of the noof hoursspentwatchinger
Parameterunknownno perdaybyALLadults inUSAin2012
Populationvariance02 variance of the noof hoursspentwatchinger
Parameterunknownno perdaybyALLadults inUSA in2012

Draw atrandomn units from thepopulation
nrandomvariables X1ooo Xn samedistribution

rotoff1stdrawn
samemeanu
samevariance
independent

Randomsample 1X1000Xn icod
samplerealization x1oooXn

Inferenceonthepopulationmean
INFERENTIALPROBLEMS
Pointestimation
confidence interval estimation
Hypotesistesting

Statistics inferencebasedonsample data
SAMPLEstatistics
functionofthesample
randomvariable

Eiji randomvariance

mep p
observedvalue x ̅

PROPERTIESOFSAMPLEMEAN for an i coolsamplethesamplemeanhas
1 MEAN E x ̅ µ samplemeanhasexpectedvalue populationmeanµ

observed value ofsamplemean oneof the severalvalues
arithmeticaverageof all possiblevalues populationmean

µ
actaneteenert

samplemean Estimator of thepopulationmean 1M
observed value estimate
UNBIASEDestimator nosystemat happened

mean agoodestimator

Is Ed nameofsamplemean oneof the several values
variance of all possiblevalues Q2
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n
decreaseswithsamplesize n

samplesizens samplesize nashi
t

a

sample meanmighteverunderestimatepopulationmean
thegreaterthe samplesize the closer to thepopulationmean
samplemean consistentestimator

STANDARDERRORof the mean
standarddeviationofthe samplemean standarderrorof themean

a unknowparameter

stancesfor parameter
SDof all possiblevaluesof the
samplemeanobservedon all
possiblesamples

a For central Limittheorem for alarge n distribution thatcanbe approximatedby
anormaldistribution NIM 8

sample variance
psymallest

samplesize

52 X XP 12 2 Ntt
h s

samplestandarddeviation s V52 x x ̅ 1
2 2 Xn x ̅

samplevariance as an UNBIASED estimator
mean expected value of thesamplevariance populationvarianceof

variance of our characteristicof interest usingsamplevariance
estimate medianusingµ
estimate ofusingoursamplevariance
samplemeanis a randomvariable

S has meanexpectedvalue of62 52 estimator of 02
n 1 SO it isUNBIASED ES2 02

S estimator of o estimating62andsuggestsamplevariance

S Me fix x ̅ x at exntyga
this in themeanof all possiblevaluesofS2
UNBIASNESSconsernsexpectedvalue
2.5783 estimate of 0

number observedvalue ofsamplestandarddeviation so
observedvalue ofsamplevariance s

0 spreadofmychar of interest
entersin theexpressionofstandarderrorAlice Elliston
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E SMansiatistasnPfFError of themean a parameter
incase ofsamplemean thestandarderror is when n
Replace with its estimate 2.5783 2

2709 observedvalue of thesampleSD

iv deavering g
Estimates.EE aPmftig

standarddeviation

estimates
estimatorof the SEof themean numberneverknown

estimate of number

2.5783 f pp E g soestimateof 6 usingafunctions
thatdependsonsetofvalues

standarderror of themean it is variable
x ̅ 2.5783
0.0968 estimate of the SE the estimate of thevariability of allpossibleestimat

problemvarandSD NotRELATIVE index
lower boundis 0

but mySE is the 1stway throughwhichI assessaccuracy but Icannotread it
samplemean goodestimator of thepopmean
assessmentofaccuracy
Howclose totheparametervalue theestimate islikely to fall

STANDARDERROR
first assessmentofaccuracy

ne.ves op8FpoEiesfmaior sot oEéñÉgn estimatecouldbewrong

sPalestinenormal distribution symmetric
Normalpopulation
1 1 ooo Xn rid hey of

assumption it isknown

unknown
satisfaction of an individual drawn at randomwith 02 4
Mis our objectof INFERENCE start frompointestimation
In Normalwith meanie and known variance92

aniÉnmÉieaÑÉagÉIsamplemean variance isknown
standarderror se of x ̅ SD is known
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a linear transformation
standardizationof thesamplemean standardizationof theESTIMATOR

noexpectedvalue E x ̅
2 on N

has a standardnormal distribution

SD SE regardlessvalue of µ standardnormaldistribution

CONFIDENCE interval estimation µ
confidenceanee su gg.no

that isknownas

typicalvaluesfor a a go.ge
of agiven are ofconfidence it isfixed

typicalcrees ofconfidence95 90 99 expressedin
confidence interval isan interval ofnumbers
forwhichwe are90 confidentthat unknownparametersµbelongsto it
lenghtmeasureofaccuracy

objthatmatters
a confidence interval for an

asioirao.ae is

02221
1m

9 tail probability
quantileof order in 2

quantilenamed after the
Prize22 1 0 quantile isnumber right tail probability

Soto Pr of 1 α toobserve asmallervalue
quantileof order1 a leavesabovemass α
20.75 leaveabovemass0075

andleavesbelow 0.25
20.05 5 probabilityabove

a axisofsymmetry 912 21116 s

upper tail probability

111 Probabilityisthearea of a regionof aplane

QUARTILEof astandard normal
22 quartileoforder 1 α of a standardnormaldistribution
Prize221 1 2 divide a tails symmetricnrr.to y axis

Pr 22 7212231 1 α

Pr 22 2 u 22 1 α
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Pr X 22 412
5 21 1 α probabilisticresult

Pr X 22 2 Ma 5 2 1 1 2 x ̅ 2 z g

tohleesefitmiaytarqrarat.ae x ̅ 221
07ᵗʰ Mwithprobability 1

I number nor

The RANDOM interval r.ro
as lower bound x ̅ 22pm andupperbound x ̅ 22
contains µ with probability 1 α
with α 0.05 95 probability
95 confidence interval is an interval ofnumbersand
havingas lowerbound Icomputeonce I amgiventhe data

and the same withupperone

I amgivena interval of values
90 confidentthatmyunknownpopmeanbelongto this interval

samplemean splits in a theconfidence interval
Regardlesslevelofconfidence midpoint is its ESTIMATE x ̅
CONFIDENCE INTERVAL10011 2 forM

oThe confidence interval of Gree 11 2 100 for the unknownpopulation
meanu mean is

x ̅ 22 5 2 8
LENGHEandMARGINOFERROR

x ̅ 22
s.to standarderror
SDofestimator measureofaccuracyandUNCERTANTYof
dependson nands estimationofMeereteofconfidence

21 marginof error
takingestimate andstretching it to accountfor theuncertainty

mid pointconfidence interval tells ESTIMATE
eenghtgivesmeasure of error twice themarginoferror

at IT intiin gi iein
measure of a

Mg e a fixedαFIXconfidence level ie 90
when n increases in to longhta

SDIAlice Elliston
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forgivenconfidence level
andgivenof thegreatern

the lower the
StargenoferrorIf thenis the cerone of the internal

thegreatertheconfidencelevel u α
thecornerα

The n ÉEÉoneidenceinterval
FREQUENTIST INTERPRETATION

Drawrepeatedly samplesof agivensizenfrompop
computeforeachofthem theconfidence interval oflevee 1 2 100

for agivenparameter
weexpect that 1 27100 of the delivered intervals will contain

theunknownparameter

NORMALPOPULATION unknownvariance
unknown estimate it
1 1 Xn e e do Normal µ and02 unknown
x ̅ µ 1 1 Xn iEodN N M02

x ̅ NNLM E
student'st distribution kindofstandardization

noestimsportfe's
distribution with in 1 degreesoffreedom

notSD

looks like standardnormal
N.roto theTAILS

L
Probabilitystudent'tis thanstandardnormal hasthickerTAILS
whenhe tails closer to standardnormal

seegreenveryclose
10011 2 confidence interval for themeanof a normal

population withunknownvariance
Theconfidence interval of level 1 2 100 fortheunknownpopulationmeanu

mean s
x ̅ ten 1 x ̅ ten 1 is
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any
confidence internae
center estimate
Quantile from astudent's t distributionñ

tin 1 off marginoferror
student's

t distribution with ndegreesoffreedom
pectin returns Pr Xen
at 1 2 n returns thequantileoforder 1 2 the value qsuchthat Pr X g 1 α
for x withstudent's t distribution with10degreesoffreedom
thequantileoforder0.95is anorm0.9510 1.812461

isthe valuesuchthat Pr x 1.812461 0.95
confidenceintervalsonthepopmean
totest variable name conferee 1 α
returnsthe 1 2 100 confidence internalonthepopmean

of theconsideredvalue totest variable name
returnsby default the95 confidencelevee
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